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Abstract. We find necessary and sufficient conditions for a dynamical 
system to be topologically conjugate to any given substitution minimal 
system, thus extending the results in [CKL] for the Morse and Toeplitz 
substitutions. 



Q.! 1. Introduction 

In |CKL| three of the authors characterized those symbolic minimal sys- 
tems that are topologically conjugate to the Morse Minimal System (the 
closure of the shift-orbit of the famous Morse-Thue sequence) and those 
topologically conjugate to the closely related Toeplitz Minimal System. The 
Morse result is that a symbolic minimal system (Y, a) is topologically con- 
jugate to the Morse system if and only if there exist N > 1 and 2 Ar -blocks 
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Co and C\ that appear in Y such that every point in Y can be written 
as a concatenation of Go's and C\s in exactly one way and such that the 



sequences of C"s in these concatenations in some sense "mirror" points in 
the Morse system. 

The arguments in |CKLj are valid only for substitutions sharing some 
of the properties of the Morse or Toeplitz substitutions. We introduce ar- 
guments in Theorem 1 to extend the Morse and Toeplitz results to all sub- 
stitution minimal systems generated by constant length substitutions. In 
Theorem 2 we show that the "mirroring" property of the Morse theorem in 
|CKL] holds for the class of primitive, one-to-one substitutions 9 of constant 
length L > 3 such that for all s ^ t, 9(s) and 9(t) disagree at some place 
other than the first or last. 

We show in Theorem 3 that if 9 is a primitive substitution of constant 
length that generates an infinite system (X$,a) and if £ is a primitive, 
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one-to-one substitution of constant length that generates an infinite system 
(A^,cr) topologically conjugate to (X$,a), then the number of letters in ( 
is bounded above by the number of 3-blocks that appear in Xq. We give an 
example to show that the bound is attained for the Morse system. 

2. Background 

In this paper a dynamical system is a pair (X, T), where X is a 
compact metric space and T : X — > X is a homeomorphism. The notion 
of "sameness" for dynamical systems is topological conjugacy: (X, T) 
and (Y, S) are topologically conjugate iff there exists a homeomorphism 
F : (X, T) ->- (Y, S) such that F o T = S o F. F is called a topological 
conjugacy and F -1 : (Y, 5*) — >■ (X, T) is also a topological conjugacy. A 
topological semi-conjugacy, also called a factor map, is a continuous, 
onto map G : (X, T) (Y, 5) such that F o T = S o F. 

A dynamical system (X, T) is called minimal iff it contains no proper 
subsystem. Equivalently, if X' C X is nonempty, closed, and T-invariant 
(i.e. T(X') C X'), then A' = X. Equivalently again, every orbit {T n (x) : 
— oo < n < oo} is dense in A. 

A symbolic system is a subsystem of some dl^oo 1 ^' ")' wnere S is 
a finite set of symbols and a : n^°oo<^ ~~ ^ n^°oo<^ * s the (left) shift: 
(cr(x))i = — oo < i < oo. As is customary, we shall abuse notation and 
write (A, a) instead of (A, a\x)- A basic fact about symbolic systems is the 
Curtis- Hedlund-Lyndon Theorem [LMj : any topological conjugacy or semi- 
conjugacy F : (A, a) — >■ (Y, a) between symbolic systems is given by a local 
rule / : 5^ +1+a -> 5y, where for every x G A, (F(x))i = /(xj_ m , . . . , x i+a ), 
— oo < i < oo. Here m > is called the memory and a > the anticipa- 
tion of F. In this case F is called an (m + 1 + a)-block map. Note that by 
adding superfluous variables an r-block map is also an s-block map for all 
s > r. 

A substitution of constant length L > 2 is a mapping 9 : S — >■ 5 L 
from a finite set of symbols S to the set of L-blocks, i.e. blocks of length L, 
with entries from S. The classic example is the Morse substitution: h> 
01, 1 H- 10. A substitution 9 can be extended to a mapping of finite blocks by 
concatenation. For example, 9(st) := 9(s)9(t). The powers of 9 are defined 
in the obvious way. For example, if 9(s) = tuv, then 9 2 (s) := 9(t)9(u)9(v). 
The symbolic system generated by 9 is (Xg,a), where Xq is the smallest, 
closed, cr-invariant set such that for every s G 5 and every n > 1, 9 n (s) 
appears in every point in Xq. It follows from the definition of Xq that 
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Lemma. Xq = Xq2 = Xq-a = . . . 

The following lemma shows that when studying symbolic minimal sys- 
tems up to topological conjugacy, there is no harm in assuming that 9 is 
one-to-one, i.e. if s ^ t, then 9(s) ^ 9{t). 

Lemma. For any substitution 9 of constant length L, there is a one-to- 
one substitution 9' of constant length L such that (Xq,o~) is topologically 
conjugate to (Xq> , a) . 

Proof. If 9(s) = 9(t), identify s and t. Continue. □ 

The following lemma shows that when studying symbolic minimal sys- 
tems, there is no harm in assuming that 9 is primitive, i.e. there exists 
n > 1 such that for every s,t 6 5, s appears in 9 n {t). 

Lemma. [D] // 9 is primitive, then it generates a unique symbolic system 
and that system is minimal. 

An important property of substitution minimal systems generated by 
primitive substitutions is recognizability, also called unique decipher- 
ability, defined in the following lemma. 

Lemma. [Ml Theoremes 1 and 2] Let 9 be a primitive substitution of con- 
stant length that generates an infinite minimal system (Xg,a). Then every 
point in Xq can be written as a concatenation of the blocks 9(s) in exactly 
one way. 

3. Conjugacy to a given substitution minimal system 

In this section we find in Theorem 1 necessary and sufficient conditions 
for a symbolic minimal system to be topologically conjugate to a given 
substitution minimal system. For a subclass of substitutions, including the 
Morse substitution, we find in Theorem 2 a result with a simpler statement 
and a simpler proof than for Theorem 1. 

Recall from the Background section that the property of primitivity is 
natural for substitutions and the property of one-to-oneness is harmless. It 
turns out that the reasonable property that the substitution minimal system 
is infinite is needed to make the proofs work. 

Theorem 1. Let 9 be a primitive, one-to-one substitution of constant length 
L > 2 such that Xq is infinite, and let (Y, a) be a symbolic minimal system. 
Then (Y,a) is topologically conjugate to (X e ,a) if and only if 
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(1) there exist N > 1 and a collection B of L N -blocks such that every 
point in Y can be written as a concatenation of B-blocks in exactly 
one way, 

(2) there exists a 2-block semiconjugacy G : (Xg,a) —> (Y Q ,a LN ), where 
Y is the set of points in Y such that the B-blocks start at multiples 
of L N , and 

(3) if stu and s't'u' are 3-blocks appearing in Xg and t ^ t' , then 
g(stu) g(s't'u'), where g is the local rule of G. 

Proof. (ONLY IF) Let F : (Xg,a) — >■ (Y, er) be a topological conjugacy. By 
composing with a power of the shift, we may assume that F has no mem- 
ory. Let / be a local rule of F. Choose N so that L N is greater than the 
anticipation of F and 

(*) for all 3-blocks stu and s't'u' appearing in X e with t ^ t', f(9 N (s)9 N (t)9 N (u)) ^ 
f(9 N (s')9 N (t')9 N (u')). 

To see that N can be chosen so that (*) holds, suppose not. Then equality 
holds for some stu and s't'u' with t ^ t' and infinitely many n. For every n 
and every s,t,u, 9 n (s)9 n (t)9 n (u) can be extended to a doubly infinite se- 
quence, that we also call 9 n (s)9 n (t)9 n (u), with the zeroth coordinate coming 
in a place of disagreement between 9 n (t) and 9 n (t'). Using the fact that 9 
and hence every 9 n is one-to-one, there is a subsequence (n) of (n) such 
that both (9 h (s)9 h {t)9 h (u)) and (9 h (s')9 h {t')9 h {u')) converge, say to x ^ x' . 
Then F(x) = F(x'), contradicting F being one-to-one. 

By adding superfluous variables if necessary, we may assume that the 
anticipation of F is exactly L N . Define 

B := {f(9 N (st)) : st is a 2-block appearing in Xg}. 

We show that condition (1) holds. Since 9 and hence 9 N are primitive, 
every point in Xqn = Xg can be written as a concatenation of blocks 9 N (s) 
in exactly one way [MJ. Then, since F is a topological conjugacy, every point 
in Y can be written as a concatenation of i3-blocks in exactly one way. 

To show that condition (2) holds, let G : (Xg,a) — > (Y ,a LN ), where Y 
is the set of points in Y such that the i3-blocks start at multiples of L , be 
the 2-block semiconjugacy with local rule g := / o 9 N . 

Condition (3) follows from (*). 

(IF) It follows from (3) that the topological semiconjugacy G is one-to- 
one and hence a topological conjugacy. 
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Let Xg t Q be the set of points in Xq such that the blocks 8 N (s) start at 
multiples of L N . Then (Xg,a) is topologically conjugate to (Xg t0 ,a LN ) via 
the map s h-> 8 n (s). 

Standard arguments (e.g. in the proof of the Morse Dynamical Charac- 
terization Theorem in |CKLj ) show that (X e ,a) is topologically conjugate 
to (r». □ 

Now we consider a special case, substitutions 8 of length L > 3 (see 
Remark below) for which for all s ^ t, 9(s) and 9(t) disagree in some entry 
other than the first or last. This class contains the (square of the) Morse 
substitution. 

For such substitutions, condition (*) in the proof of Theorem 1 can be 
replaced by the stronger condition (**) below and we have the following im- 
provement of Theorem 1 and generalization of the Morse Dynamical Char- 
acterization Theorem |CKL] . 

Theorem 2. Let 9 be a primitive, one-to-one substitution of constant length 
L > 3 such that Xq is infinite, and let (Y, a) be a symbolic minimal sys- 
tem. Suppose also that any two substitution blocks 8(s) and 8(t) with s ^ t 
disagree somewhere other than in the first or last entry. 

Then (Y,a) is topologically conjugate to (Xq,o~) if and only if there exist 
N > 1, a > 0, a collection B of (L — a)-blocks that are in one-to-one 
correspondence with the symbols in Xq, and a collection B' of a-blocks such 
that 

(1) every point in Y can be written as a concatenation of alternating 
B-blocks and B ' -blocks in exactly one way, 

(2) the B ' -blocks are determined by their nearest B-neighbors, 

(3) for every point in Y , the concatenation of B-blocks "mirrors" a point 
in Xq via the one-to-one correspondence above. 

Remark. We require L > 3 because condition (3) is vaccuous for L = 2. 
However, this requirement is harmless, for in this case look at 8 2 rather than 
8. 

The proof of the ONLY IF direction proceeds as in the proof of The- 
orem 1, with F : (X, a) —> (Y,a) being a topological conjugacy with no 
memory and anticipation a and condition (**) below taking the place of 
condition (*). 

(**) there exists iV such that L N is greater than the anticipation of F and 
such that for all symbols t ^ t' appearing in Xq, f(8 N (t)) ^ f(8 N (t')). 
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Let E := {f(9 N (s))} and let £>' be the a-blocks appearing between consec- 
utive £>-blocks in points of Y. 

To see that condition (2) holds, note that every £>'-block appears in some 

f(0 N (st)). 

The proof of the IF direction is much the same as it is in the proof of 
Theorem 1. 



4. Number of symbols 

In this section we prove a relation between the number of symbols in 
constant length substitutions that generate topologically conjugate systems. 

Theorem 3. Let 9 be a primitive, constant length substitution such that Xq 
is infinite. Then the number of symbols in a primitive, one-to-one constant 
length substitution that generates a substitution minimal system topologically 
conjugate to (Xq, a) is at most the number of 3-blocks appearing in Xq. 

Proof. By JCDL] we may assume that the lengths of 9 and C are the same. 
Let F : (X$,a) — > (X^,a) be a topological conjugacy with no memory 
and local rule /. Then, with notation as in the proof of Theorem 1, for 
every symbol s' appearing in X^, ( N {s') is a subblock of some B1B2, where 
B±, B 2 G B. But B1B2 = f (9 N (stu)) for some 3-block stu appearing in Xq. 
Then we have 

4s' = #CV) < M9 N (stu)) < 4stu, 

the equality because Q is one-to-one, and the first inequality because 9 and 
( are uniquely decipherable. 

□ 



The following six-symbol example shows that the bound is sharp for the 
Morse substitution. It is one of the "3-block presentations" of the Morse 
substitution and so generates a system topologically conjugate to the Morse 
system (see |CDKj ). 
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C(ooi) 
C(oio) 
C(on) 
C(ioo) 
C(ioi) 
C(no) 



(101)(011) 
(110)(100) 
(110)(101) 
(001)(010) 
(001)(011) 
(010)(100) 



With 9 the Morse substitution i — > 01, 1 i — ^ 10, ((stu) := (S2M2) (t&Ui), 
where 9(s) = S1S2, etc. 
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